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§12 of Bernard Bolzano’s monumental Theory of Science (henceforth TS) is entitled:
“Whether logic is a merely formal science?” Whereas many logicians of Bolzano’s time
had answered this question affirmatively, Bolzano was rather skeptical. His skepticism
concerned, first and foremost, the precise content of the claim. To argue, as Kantian
logicians such as Jakob or Kiesewetter did, that logic can be demarcated from other
sciences in virtue of the fact that it is concerned with the forms of thinking, amounts,
according to Bolzano, to a fundamental mistake in perspective concerning the nature
of logic. Bolzano conceived of logic primarily as a theory that should provide guideli-
nes for the organization of sciences and their presentation in textbooks (cf. TS, §1).
Sciences, however, are viewed as collections of abstract, mind-independent objects, viz.
propositions (ibid.). Now, if logic should be demarcated by reference to some notion of
form, this notion should be defined for propositions and not for psychological objects.
Bolzano accordingly sets out to define such a notion to reassess the doctrine of the
formality of logic.

Before we can discuss Bolzano’s proposal, we have to spend some words on the
basic concepts of Bolzano’s logic. The aforementioned notion of a proposition (Satz

an sich) figures as the fundamental undefined notion. Propositions are abstract, mind-
independent objects which are either true or false and constitute the content of our
judgements and the meaning of sentences (in some respects akin to Frege’s Gedanken).
According to Bolzano, all propositions are complex, structured entities that are recursi-
vely built up from sub-propositional parts. Bolzano calls these sub-propositional parts
ideas (Vorstellungen an sich). Ideas, in their turn, have or lack objects (i.e. refer or do
not refer).1

Now, if logic is the science that is concerned with rules for organizing sciences, i.e.
certain collections of propositions, it should be primarily concerned with properties
of and relations among those propositions and among the ideas occurring in them. A
fundamental innovation Bolzano introduced for the means of studying these properties
and relations is his so-called method of variation. The idea behind this method is to
define properties of propositions by considering certain ideas occurring in them to be
variable. The idea is rather straightforward and bears strong resemblance to the familiar
notion of substitution for linguistic objects.2 Using this method, Bolzano is able to define

1An important innovation of Bolzano’s theory was that he acknowledged different modes of com-
position of propositions and ideas. Propositions and ideas that are build up from the same ultimate
parts are not necessarily identical (example: [Learned son of an unlearned father] 6=[Unlearned father
of a learned son]). He thereby breaks with the so-called ‘conjunction model’ of conceptual content
according to which a complex concept is merely a collection of unordered characteristics. (Cf. S. La-
pointe,“Bolzano’s Semantics and his Criticism of the Decompositional Conception of Analysis”, in M.
Beaney (ed.): The Analytic Turn, London 2007.)

2To formulate Bolzano’s notion with all due accuracy requires some work which goes beyond the
scope of this abstract. It has, for example, to be required that each idea has a fixed domain of variation
which can be related to its semantic category. (TS, §147) For a thorough discussion of Bolzano’s method
of variation consider Edgar Morscher’s Stanford Encyclopedia of Philosophy lemma ‘Bernard Bolzano’,
ch. 4.6.
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a concept of form that suits his conception of logic: by varying certain ideas within a
given proposition and keeping the remaining ideas as well as the underlying structure of
the proposition constant, a form is determined. This form is taken to be the collection
of propositions obtained by variation with respect to the given collection of ideas (TS,
§§12, 69, 81, 147).3 With this notion at hand, the thesis that logic is a merely formal
science can be given a precise meaning, according to Bolzano:

It is the task of logic to give rules which apply simultaneously to several
truths or, what amounts to the same, to a whole class of truths. For this
reason, the theorems (though perhaps not the examples) of logic never con-
cern a particular, fully determinate proposition, i.e., a proposition in which
subject, copula and predicate are all given. Rather, theorems concern a who-
le class of propositions at once, [...] If these classes of propositions are to be
called general forms of propositions, then it is permissible to say that logic
is concerned with forms rather than with individual propositions. (TS, §12
[I.48]; see also TS, §116,1 [I.540-1])

That is, the rules that belong to logic should be general in the sense that they always
apply to whole collections of propositions obtained by variation and thus exhibiting a
certain structural similarity, and properties and relations defined within logic should
be general in precisely this sense as well. The formality of logic is thus, to a certain
extent, identified with a particular type of generality. Since Bolzano does not require
that all non-logical ideas must be substituted under variation, but defines variation as
well as the notion of form relative to an explicitly given collection of variable ideas, it
does not make sense to speak of the form of a given proposition. In fact, Bolzano argues
that all propositions share at least the form ‘A has b’ (TS, §127). Assuming a fixed list
of logical ideas, it is also possible to define a notion of logical form, although Bolzano
does not seem to be particularly interested in this concept. Partially as a consequence
of this, Bolzano was neither willing to take the doctrine of the formality of logic (on his
understanding) to be sufficient to demarcate logic from other sciences, nor did he hold
that any specific epistemological claims concerning logic can be based on that doctrine.

Bolzano’s views on formality are strongly connected with his general view on the
nature of logic. This becomes clear when considering the consequence relations that
are essential to his logic. In his Theory of Science, Bolzano defines two concepts of
consequence: deducibility (Ableitbarkeit) and grounding (Abfolge). Deducibility, which
is frequently considered as an ancestor of Alfred Tarski’s concept of logical consequence,
is defined in terms of preservation of truth from the premises to the conclusion(s) under
arbitrary variation of an explicitly given collection of variable ideas, and, thus, solely
rests on the form of the premises and conclusions involved – albeit not necessarily their
logical form (TS, §155). As it also comprises cases in which several non-logical ideas are
kept constant, Bolzano’s concept of deducibility is broader than the modern concept
of logical consequence. It validates inferences that would nowadays be considered to be
‘material’ (e.g. enthymemes).

Bolzano’s relation of grounding is a ground-consequence relation among true propo-
sitions, which obtains independently of its linguistic expression and of our knowledge

3Bolzano also observes that every form can be represented by a linguistic expression having the
same structure and containing schematic letters in those places where the proposition itself contains
variable ideas (TS, §§12, 81). This notion of form is, however, not relevant for present purposes.
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(TS, §198). The grounding relation plays a crucial role in Bolzano’s proof theory, where
grounding systems receive an outstanding status as canonical proofs, and it is essential
for the axiomatic buildup of scientific theories in general4. According to Bolzano, for
every (non-fundamental) truth, there is a unique collection of true propositions making
up its immediate ground.5 The relation between a given truth and its immediate ground
is irreflexive as well as asymmetric, and – due the uniqueness of the immediate ground
– neither transitive nor monotone (cf. TS, §§203-219). Moreover, the concept of groun-
ding induces a unique order among true propositions, thereby giving rise to the notion
of grounding trees. Starting with a given true proposition, one considers its immediate
ground, then the immediate grounds of the truths contained therein and so on, until one
reaches fundamental truths (Grundwahrheiten), which do not have grounds themselves
again. The procedure of “ascending from the consequence to its ground” (Geschäft des

Aufsteigens von der Folge zu ihrem Grunde) implies whole grounding systems which can
be pictured as tree structures (cf. TS, §§216, 220). In Bolzano’s proof theory, grounding
trees receive an outstanding status as canonical proofs, since they do not only demons-
trate the truth of their respective conclusion, but also provide for its ground. In this
way, grounding tree for a given true proposition constitutes a unique explanatory proof
for that truth (cf. TS, §525). Bolzano’s central idea is that, given a grounding relation,
the ground must never contain any simple idea that is not part of its consequence: for
each proposition contained within the ground, the simple ideas it is composed of form
a subset of the simple ideas from which the consequence is built up (TS, §221). Thus,
in a grounding tree, the propositions become more and more complex when proceeding
from grounds to consequences.

While deducibility clearly constitutes a formal – albeit not necessarily logical –
consequence relation, the grounding relation is, first of all, a material one. Nevertheless,
deducibility and grounding are compatible with each other. With the concept of formal

grounding (formale Abfolge), Bolzano provides a notion which is simply a blend of
deducibility and grounding: a grounding relation which rests solely on the form of
the propositions occurring as premises and conclusions. In the case of the relation of
formal grounding, the conclusion must be deducible from the premises with respect
to an explicitly given collection of variable ideas, and whenever the variation results
in true premises, these must be such that they simultaneously ground the conclusion
(TS, §162). The formal grounding relation thus induces a unique order among grounds
and consequences that solely depends on the form of the propositions involved; i.e.,
the relation merely rests on those ideas that are kept constant under variation and on
the underlying structure of the propositions occurring as grounds and consequences.
Bolzano gives the following example for a case of formal grounding: The proposition
that thermometers stand higher in summer than in winter is formally grounded in
the proposition that it is warmer in summer than in winter – with respect to the

4Cf. A. Betti: “Explanation in metaphysics and Bolzano’s theory of ground and consequence”, Lo-

gique et Analyse 55 (211), 2011, 281-316 (forthcoming) and W. R. de Jong: “The analytic-synthetic
distinction and the classical model of science: Kant, Bolzano and Frege”, Synthese Volume 174, Number
2, 237-261.

5The immediate ground of a certain truth grounds next to that proposition further consequences.
The collection of these consequences is uniquely determined, according to Bolzano. He demands that
there is a one-to-one correspondence between the collection of propositions making up the ground and
the collection of its immediate consequences.
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ideas [summer] and [winter] –, but not the other way around (ibid.). While those two
propositions are mutually deducible from each other, the grounding relation marks one
direction as canonical.

The relation of formal grounding is of crucial importance for the axiomatic buildup
of scientific theories. According to Bolzano’s ideal of scientific exposition, the truths
of at least each a priori science, such as mathematics or ethics, should be ordered via
the grounding relation – with fundamental truths serving as axioms. That is, Bolzano
assumes that in each a priori science, there are several fundamental truths which di-
rectly or indirectly ground all other truths and theorems of that science (cf. TS, §525).
Moreover, for each science, there is a certain collection of basic concepts for that science
closely related to its domain (TS, §422). The basic concepts of an a priori science are
introduced by the fundamental truths serving as axioms of that science. Since Bolzano
views logic as a formal science, in the sense that logic is not concerned with particular
propositions, but rather with forms of them, and ascribes to logic the task of providing
rules for the organization of sciences and their presentations in textbooks, it seems
plausible to assume that the grounding relation, which is of crucial importance for this
methodological task of logic, is a formal relation. Indeed, there are several passages
in the Theory of Science that point to the fact that Bolzano takes every grounding
relation to be a formal one. Concerning the axiomatic buildup of scientific theories,
the formal grounding relation proves advantageous, as it allows for science-specific in-
ferences, which must not be logical. The science-specific concepts introduced by the
axioms are kept constant, while all other ideas are substitutable under variation.

Grounding trees ordered via the logical variant of the formal grounding relation, that
is formal grounding where all non-logical ideas are substituted under variation, bear so-
me resemblance to normal proofs in natural deduction and their role in proof-theoretic
semantics. Normal proofs in natural deduction based on atomic assumptions are deri-
vations in which the conclusion is successively built up from its atomic subformulae by
mere application of introduction rules for the logical constants. One may ask to what
extent such normal proofs satisfy Bolzano’s definition of formal grounding in the logical
case. The formulae occurring in a normal proof are of course logically deducible from
each other. Furthermore, it is plausible to assume that the premises of an instance of an
introduction rule might serve as the objective ground of the corresponding conclusion,
just as they are taken to define its meaning in proof-theoretic semantics. Moreover,
like grounding, an instance of an introduction rule represents an irreflexive, asymmetric
and intransitive relation, and normal proofs based on atomic assumptions clearly pro-
ceed from the simple to the more complex, as required by the definition of grounding.
However, despite of far-reaching similarities between normal proofs based on atomic
assumptions and logical formal grounding systems in Bolzano, there are also crucial
differences, e.g. the uniqueness of the grounds and the non-monotonicity required by
the definition of grounding get lost, when considering normal proofs.

To sum up, it is possible to say that the logical variants of Bolzano’s consequence
relations come rather close to modern conceptions of consequence. However, against the
background of viewing logic as a theory of science, it becomes clear that the formality
Bolzano is interested in is not exhausted by logical formality. The consequence rela-
tions should allow for science-specific forms of inference, while still being general. His
conception of form is precisely suited to this idea.
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