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An Analysis of Analyses of the Laws of Thought: 
Notions of Form in 19th Century British Logic 

Anna-Sophie Heinemann 

 

The notion of form undergoes significant shifts of meaning in the course of debates on the 
question whether an operative notion of logic can be reduced to aspects of ‘form.’ The diffe-
rentiation of what counts as ‘form’ can be analyzed with recourse to exemplary controversies 
in 19th century British logic.  

I propose that there are at least three senses in which the British logicians’ statements on the 
analysis of ‘forms’ may be understood:  

a) Firstly, ‘form’ is used in the sense of ‘laws’ or ‘conditions’ that necessarily come 
along with what they bring about.  

b) Secondly, ‘form’ can mean a ‘force’ or ‘principle’ of operation.  
c) Thirdly, talk of ‘form’ can come close to what in contemporary language may be 

termed a ‘syntax’ as opposed to its ‘semantic’ models.  

The meanings of ‘form’ can be clarified by a survey of the respective opposite notions which 
the authors correlate them to. The three pairs of opposites I want to name are those of: 

a) firstly, ‘form’ versus ‘matter;’  
b) secondly, ‘form’ versus ‘content;’  
c) thirdly, ‘form’ versus ‘interpretation.’ 

These labels serve to mark off certain dimensions of a conceptual shift concerning the rela-
tions between ‘forms’ and ‘thought.’ Of course, the choice of labels is to some extent arbitrary 
because their explicit uses overlap in the original authors. However, I have tried to pick those 
terms that are most prominently used in one of the contexts or most apt to suggest its diffe-
rentiation from the other contexts.  

 

The differences between the contexts relates to another differentiation: 

A) On the one hand, a system of logic is viewed as a result from investigation.  

In this case, laws of thinking are the object of investigation, which is to result in a system com-
piling and connecting them. The underlying idea reminds of the concept of a scientific canon 
or an ars iudicandi. Logic must be viewed in this way as long as ‘logical forms’ mean conditions 
of thinking and are opposed to the matter that they enable the subject to think of. (This means 
that there is a correlation of the cases A) and a).)  

B) On the other hand, however, logic itself is considered as a method and a process of 
investigation.  

In this case, logic is thought of as applicable to diverse fields of scientific research. Here, the 
concept of a scientific canon is confronted with an organon-like idea of logic as a tool for rea-
soning. If logic is a tool, it needs certain rules of operation. These rules of operations are not 
pre-existing laws of thinking, but rather precepts. It is in this case that ‘forms’ are thought of as 
‘forces’ or ‘principles of operation’ and opposed to the content they operate on. (This means 
that there is a correlation of the cases B) and b).) 
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If logic needs rules of operation that are not given laws, one is entitled to ask whether or not 
these rules can be determined arbitrarily. In the case of 19th century British logic, they cannot 
be insofar as their applications are still to result in descriptions of certain fields of scientific 
research. Moreover, the question arises whether we can have a corpus of operational rules be-
fore or even without probing into exemplary models of its application. I hypothesize that this 
problem is implied by controversies about the third notion of form, namely the one that comes 
close to a structure allowing for different interpretations.  

Historically, questions about priority of ‘form’ over ‘interpretation’ result from mutual reac-
tions of logic and ongoing work in algebra. In the case of 19th century British logic, some fun-
damental ideas would be unthinkable without an eye to research in fields that were termed the 
‘calculus of functions’ and the ‘calculus of operations.’ The ‘calculus of operations’ claims to 
deal with functional interrelations of signs instead of unknown objects, thereby allowing for 
transformations of equations within a process of problem-solving. It is in this sense that the 
concept of operativity is differential among at least some of the above named senses of ‘form.’ 

1. 

The notion of form as opposed to interpretation may be regarded as the one that is closest to 
today’s concepts of a structure and its models. However, it is given as early as the announce-
ment of George Peacock’s ‘Principle of the Permanence of Equivalent Forms’ in his Treatise on 
Algebra (1830).1  

Peacock says that on his account, ‘interpretation will follow, not precede’ the operations within 
an algebraical system.2 This claim relates to a distinction of two factors in Peacock’s under-
standing of algebra from his Treatise: On the one hand, algebra may be viewed as the science of 
number and quantity. This view restricts algebraical operations to certain interpretations, 
namely arithmetically admissible ones. On the other hand, the restriction of arithmetical alge-
bra can be supplemented by another view, which considers algebra a symbolic system in its 
own right apart from any of its applications.3  

The function of Peacock’s ‘Principle of the Permanence of Equivalent Forms’ is to secure the 
identity of results in arithmetical and symbolical algebra. It says that ‘[w]hatever algebraical 
forms are equivalent, when the symbols are general in form but specific in value, will be 
equivalent likewise when the symbols are general in value as well as in form.’4 As Peacock ex-
plains in the Preface of his Treatise’s second edition, this is precisely to avoid the ‘degeneration’ 
of symbolical algebra ‘into a science expressing the arbitrary combinations of symbols only.’5  

This means that Peacock’s ‘Principle’ is introduced to secure the interpretability of any formal-
ly effected operation in symbolic algebra. It serves to preclude a formal science lacking appli-
cability. A similar idea may be assumed to underlie the mid-century controversies about 
George Boole, who in his algebra and in his logic proposes formally guided transformations of 
equations which do not allow for interpretation at every single intermediate step in the process 
of solution. 

 

2. 

Against this background, I now want to discuss the ideas of form as opposed to matter and of 
form as opposed to content (i.e., the cases a) and b)). The materials I will be drawing on are 
taken from debates and reviews.  
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I will discuss the idea of form as opposed to matter with recourse to Sir William Hamilton’s 
rejection of proposals by Richard Whately. Thereafter, I will address Augustus De Morgan’s 
rejection of Hamiltonian ideas to illustrate the notion of form as opposed to content and its 
pointing towards the distinction of form and interpretation. 

2.1 

Richard Whately’s Elements of Logic was first published as a book in 1826.6 Whately here claims 
that logic has to do with the form of the reasoning process, but not with its matter. He holds 
that the proper province of logic does not consist in the categories of understanding, but in the 
process or operation of reasoning.7 Whately’s focus on the analysis of reasoning processes re-
sults from his notion of logic as having a two-fold status as an art and as a science.8 This claim 
amounts to a combination of systematic and operational aspects. (This means a trial for the 
combination of cases A) and B).)  

Sir William Hamilton criticizes Whately’s claims in his lectures on logic. These were first pub-
lished only posthumously in 1860.9 However, Hamilton had been lecturing for many years. His 
views had been compiled and propagated by several of his pupils.10 

2.1.1 

Hamilton severely criticizes Whately’s claim that logic has a two-fold status of logic as an art 
and a science.11 He holds that Whately’s combining of both aspects rests on a mistaken dis-
crimination of art and science. According to Hamilton, Whately ‘considers science to be any 
knowledge viewed absolutely, and not in relation to practice,’ while he ‘defines art to be the 
application of knowledge to practice.’12 Hamilton rejects the result of these definitions, which 
would be a functional discrimination between a system of logic viewed as a scientific canon on 
the one hand and as an applicable organon on the other.13  

Similarly, Hamilton rejects Whately’s claim that the proper province of logic are not the cate-
gories of understanding, but is to be found in the process or operation of reasoning. According 
to Hamilton, Whately’s promotion of an operational idea of logical reasoning is possible only 
at the expense of a science or architectonic which can be based on concepts and judgments. 
He therefore accuses Whately of reducing logic to syllogistic.14  

Hamilton’s objections indicate that he is dissatisfied with connecting (or, in his view, reducing) 
logic to an operational view, which to him seems to be nothing more than the older concept of 
logic (i.e., syllogistic) or even dialectic as an art of reasoning well. 

2.1.2 

In opposition to Whately, Hamilton himself defines logic as the science of the ‘laws of thought 
considered as thought.’ He hereby claims to explicate in what respect ‘Logic is conversant with 
the form of thought to the exclusion of the matter.’15 In Hamilton’s own words, this means 
‘that Logic is the science of the Laws of Thought as Thought, or the science of the Formal 
Laws of Thought, or the science of the Laws of the Form of Thought, for all these are merely 
various expressions of the same thing.’16  

Hamilton’s own definition of logic blatantly remains unclear. This is due to the facts that his 
notion of logical form rests essentially on so-called laws, and that there is an inconsistency 
concerning Hamilton’s talk of ‘laws.’  
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On the one hand, Hamilton seems to employs the idea of form as a ‘law’ of thought in the 
(more or less) Kantian sense of a necessary condition of thinking. This may be pointed out by 
recourse to a textbook promoting Hamilton’s views before his lectures were published. This 
textbook is the Prolegomena Logica (first published in 1851), written by Hamilton’s pupil Henry 
Longueville Mansel.17  

In a chapter on the notions of ‘form’ and ‘matter,’ Mansel proposes to explain their difference 
by an analogy to the same terms as used in the discussion of works of art. Mansel concludes 
that ‘[t]he distinction between Matter and Form in any mental operation is analogous to this. 
The former includes all that is given to, the latter all that is given by the operation.’18  

In this quote, Mansel is explicit to deal with ‘operations.’ However, this recourse to the con-
cept of operation does not correspond to what I have so far termed an operational idea of log-
ic. Rather, Mansel’s explication seems to address a (more or less) Kantian idea of the forms of 
cognition working on brute matters that are to be supplied from elsewhere. In this sense, ex-
tension and duration should be considered the forms of the sensitive faculty, while the catego-
ries of substance, causality, and quantity, should counted among the forms of understanding.  

However, categories like those of substance, causality, and quantity cannot be the province of 
Hamilton’s and Mansel’s notion of Logic as the science of the forms of thought.19 The reason 
is that Hamilton himself does not claim to investigate what lies beyond thought and makes it 
possible. Rather, he is explicit to investigate certain ‘phaenomena’ of thought. These are distin-
guished from other phaenomena of thought by being necessarily present in it, i.e., they ‘cannot 
but appear.’20  

This suggests that for Hamilton, there must be an array of mental phaenomena, among which 
there are phaenomena of thought. Among these phaenomena of thought, some must be 
counted as necessary while others are contingent. Correspondingly, there would have to be a 
science of the mental, including phaenomena of thought. But Hamilton seems to exclude from 
this science one portion of the phaenomena of thought: The necessary phaenomena of 
thought are reserved as the object-matter of another science, namely logic.21 According to 
Hamilton, it is this object-matter which serves as a distinctive feature of logic as opposed to 
psychology.22  

Hamilton’s idea inevitably leads to the conclusion that logic is as a science of form just because 
of its peculiar matter. In this conception, forms themselves are classed as objects of scrutiny, 
and their investigation results in an architectonic to describe its objects scientifically.23 There-
fore, on Hamilton’s account, logic as a science is directed at a descriptive account of previously 
given universal laws – not at their methodical use. Hamilton’s idea of logic as a science of form 
seems to be clearly static as it does not address problem-solving processes. He stresses that 
logic ‘considers Thought, not as the operations of thinking, but as its product.’ it does not ana-
lyze conceiving but concepts, not judging but judgments, and not reasoning but reasonings.24 
This means that operativity is not among the features of his logic. ‘Laws’ are not viewed as 
methodically applicable rules. 

However, Hamilton apparently makes use of another sense of ‘laws.’ This use relates to Hamil-
ton’s view that the attribution of qualities to objects is what makes the thinking of these ob-
jects possible, and that this attribution is regulated by certain so-called ‘laws.’ He describes a 
law of this kind as ‘an ideal necessity given in the form of a precept, which we ought to follow, 
but which we may also violate if we please.’ 25  

Among these precepts Hamilton counts the law of identity, the laws of contradiction and of 
excluded middle, and the law of sufficient reason. These are ‘conditions of the thinkable’ se-
curing ‘the possibility of valid thought,’ – but only insofar as their violation would make ‘our 
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whole process of thinking [...] suicidal or absolutely null.’26 However, according to Hamilton, 
they are not necessary conditions in the sense of ‘universally [...] producing certain inevitable 
results’ because thinking is free to violate these laws.27 

In a nutshell, Hamilton offers an account of forms as given conditions of thinking, but at the 
same time he claims their disposability as methodical rules. This opposition indicates a shift 
unwillingly taking place even within Hamilton’s own writings: the shift from a ‘canonical’ to 
what I have called an operational understanding of logic. The latter is tied to the idea of sys-
tematicity as a construct, and to questions of the systems’ applicability to problem-solving 
processes.  

 

2.2  

In contrast to Hamilton, Augustus De Morgan most clearly employs an operational idea of 
logic. As suggested in my introductory remarks, the concept of operativity in question is tied to 
interrelations of logic and algebra or analysis. I therefore draw on writings by De Morgan both 
from the fields of logic and of algebra, namely on his series of essays ‘On the Syllogism’ and 
‘On the Foundations of Algebra.’ The latter were published in the 1840s, while the logical writ-
ings are from the 1850s. 

I will leave out the details of De Morgan’s and Hamilton’s quarrel about their inventions of a 
quantified predicate28 and instead focus on De Morgan’s working towards a logic of relations. 
This is justified in De Morgan’s opposition to the Hamiltonian exclusion of relationally based 
reasoning from logic as the ‘science of the laws of thought.’  

2.2.1 

De Morgan delivers at least some of his remarks in the language of form and matter.29 Howev-
er, I cite him as employing a notion of form as opposed to content. The reason why I do so is 
that when De Morgan uses the term ‘matter,’ he does not speak of objects of cognition or dis-
course insofar as they are conditioned by universal laws of thinking.  

Rather, he refers to domains which are subjected to formally regulated transformations by ap-
plication of functional expressions. As contents, elements of these domains can be inserted in 
(or removed from) patterns which determine their positions and possibilities of transposition.  

To characterize this idea of matter, De Morgan himself only rarely makes use of the term ‘con-
tent.’ He does, however, refer critically to the strict separation of what Hamilton calls ‘extent’ 
and ‘intent’ of meaning,30 which makes it seem reasonable to speak of their compound as ‘con-
tent’ in contradistinction from ‘form.’ (De Morgan rejects Hamilton’s idea that both extent and 
intent can at once be fully determined quantitatively. He seems to be proposing their mutual 
dependence in proposing a terminology of ‘scope’ and ‘force.’)  

De Morgan’s approach differs from Hamilton’s and Mansel’s in stressing an analogy between 
logic and an understanding of mathematics as modeled after the ‘calculus of operations.’31 Par-
ticularly, he points out a correspondence between inference in logic and the application of op-
erations of elimination in algebra.32 Accordingly, he speaks of form as the modus operandi of 
reasoning,33 and as ‘the law of action of [thought’s] machinery.’34 This is paraphrased by De 
Morgan by saying what may be termed the ‘form or law of thought […] is detected when we 
watch the machine in operation without attending to the matter operated on.’35 
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These quotes show that both De Morgan’s understanding of algebra and his idea of logic is 
based on the concept of operativity. It is in this sense that De Morgan claims to ‘call attention 
to what is more visible in algebra than in other thought, though it exists in all thought,’ and is 
explicit to deny that the objection of reducing logic to algebra.36 (Though he seems to ascribe 
this reduction to Boole, whom he does estimate rather highly.37)  

De Morgan’s consideration of operational principles for functional expressions enables him to 
think of relations as holding between variable terms. This is the background to his critique of 
what he regards as a misinterpretation of the distinction between ‘form’ and ‘matter.’ To him, 
the terms ‘form’ and ‘matter’ are misinterpreted if they do not allow for the symbolical genera-
lization of relational predicates.38 As the most prominent example for such a ‘misinterpreta-
tion,’ he cites the Hamiltonian view of logic. Reference is made especially to Mansel, who 
claims that reasoning even from general properties of relations is ‘material’ and therefore, ex-
tra-logical.39  

If in the Hamiltonian view, relations belong to the category of what is called ‘material,’ this 
must mean that they are wholly dependent on matter as a conditioned object, and that there-
fore, relations turn out to be dependent on specific terms. It follows that the Hamiltonian view 
lacks the possibility to transfer relations to other terms that may be configured analogously. It 
does not account for identity of form as a reason and warranty for the applicability of similar 
rules to different cases. 

2.2.2 

Unlike Hamilton’ and Mansel’s, De Morgan’ concept of relation is form-orientated and there-
fore belongs to the scope of formal logic. The notion of form which he employs stems from 
the idea that what is identical in form can be substituted by exchange of contents. This pre-
supposes a distinction of object-domains from formally determined rules of logic, which serve 
to analyze and to transform domains. 

De Morgan’s distinction between contents and formal rules of operation can be seen even 
from his first introduction of the concept of a ‘universe of proposition’ within the series of 
essays ‘On the Syllogism.’40 Here he stresses that restrictions concerning the field of what a 
proposition is about are wholly independent from the holding of logical rules.41 This means 
that if for certain propositions, there are restrictions of validity of certain rules of logic, their 
scope will vary independently from restrictions of the particular field they are applied to.  

De Morgan’s distinction between universes for and rules of formal logic corresponds to the idea 
of terms as disposable to be inserted in formal structures, and therefore, of formal structures as 
marking the terms’ possible positions by means of variables.  

It is this conceptual framework which enables De Morgan to analyze relations in the abstract 
and to point out their general properties such as transitivity or convertibility, e.g. in his consid-
erations concerning the ‘composition of relation’42 and in his account of the ‘abstract copula.’ 43 
These investigations result in De Morgan’s thesis of an operational or functional identity of all 
relations insofar as due to certain general properties, they allow for similar operations. (The 
identity in question is called ‘instrumental’ by De Morgan himself.44) 

In pointing out formal identities between certain reasoning schemata, De Morgan arrives at a 
considerable reduction of syllogistic and its ‘proto-modern’ reformulation.45 He therefore pro-
poses to abandon distinctions such as the one between convertibles46 or the one of affirmativi-
ty and negativity of judgments47 because given the right rules of transformation, they can be 
substituted for each other. This makes sense of De Morgan’s suggestion to take logic to the 
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same kind of ‘progress’ which he says took place when algebra was marked off from arithmetic 
by the theorem ‘that every pair of opposite relations is undistinguishable from every other pair, 
in the instruments of operation which are required.’48 As De Morgan himself underlines, logic 
as seen from the viewpoint of this theorem is what he means by ‘speaking of logic in the purely 
technical sense.’49 

De Morgan’s use of the predicate ‘technical’ is similar in the fields of logic and of algebra. In 
his earlier essay series ‘On the Foundations of Algebra,’ De Morgan had made clear that it is in 
the technical sense that expressions are determined formally,50 i.e. by positions of variables. But 
even in De Morgan’s mathematical writings, there is a dimension well beyond technical alge-
bra.  

De Morgan indicates this dimension by saying that in algebra, the technique of effecting opera-
tions by formal admissibility resembles putting together ‘an upside jigsaw puzzle.’51 As the puz-
zle is put upside down, the player can distinguish its pieces only by their forms. As she distin-
guishes them by form, she investigates their possible connections. As she investigates the pos-
sibilities of connections, she finds out which are admissible and is enabled to actually put to-
gether the pieces. This may lead even to the completion of the puzzle. But there is just no 
point in a completed puzzle when it is upside down. The efforts of completing it are justified 
only when its front side is turned up to show the conveyed picture.  

Put differently: Given that several pieces of the puzzle have the same forms, a combinatoric of 
equally admissible partial configurations must be assumed. In this case, the player could not 
justify her choice between two pieces because formally, they are but replicas which can be arbi-
trarily substituted for each other. On the premise that there is some coherent picture on the 
puzzle’s front side, the choice of replicas can in principle be settled. (But the method differs 
from e.g. Boole’s because every piece must be fitted correctly to make up the picture, i.e. every 
single choice or operation must have its sense at any step of making the picture grow conti-
nuously. In this sense, it is not enough to check the intelligibility of the final result only.) 

The dimension of algebra lying beyond the merely technical one must be conceived of accord-
ing to the ‘upside jigsaw puzzle’ example. It is only beyond the technical level that reasons and 
justifications for formally admissible moves can be given, even though formal inadmissibility 
precludes operations from being justified at all. Curiously, in De Morgan, this more-than-
technical dimension of algebra is termed the ‘logical’ one.52  

To sum up, De Morgan distinguishes between a ‘technical algebra’ and ‘logical algebra.’ Only 
the latter is intelligible. The former operates more or less mechanically according to certain 
rules which preserve a certain structure. But technical algebra also determines what can be 
made intelligible in a certain context at all. Conversely, technical algebra itself seems to presup-
pose an anticipation of logical algebra when, as in the ‘upside jigsaw puzzle’ case, the rules de-
termining the admissibility of operations first have to be drawn from a somehow more-than-
mechanical investigation of the problematic structure. Still this happens on the technical level, 
which suggests that even technical algebra may incorporate considerations beyond mere for-
mality. I hypothesize that this is what De Morgan has in mind when he says that technically, 
algebra is an art, while logically, it becomes a science.53 Paralleling this claim, he speaks of logic 
as both a science and an art.54 But are there also logical equivalents to technical and logical al-
gebra? Is there a ‘technical logic’ and a ‘logical logic’? And which of both would be what De 
Morgan calls the ‘formal’ one?  

I cannot offer a conclusive answer here. Instead, I will try to relate De Morgan to the other 
authors that I have discussed. 
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3. 

De Morgan’s distinction between technical and logical algebra reminds of Peacock’s distinction 
between arithmetical and symbolical algebra as technical algebra might be equated to symbolic 
algebra. However, Peacock’s symbolic algebra has far more generality than its arithmetical in-
terpretation, while De Morgan stresses restrictions to technical algebra.  

Moreover, De Morgan’s thesis that logic is both an art and a science reminds of Whately. In 
both authors, this claim suggests that, against Hamilton, it is possible to maintain a scientific 
and an operational conception of logic simultaneously: Technically, operational use of logic can 
be made of logic as soon as it has been established as a body of rules. However, the body of 
rules depends on whether via a process of investigation of reasoning, logic has been estab-
lished as a structure determining the rules.  

In the case of algebra (as put forward by Peacock), this structure seems to be presupposed, so 
that the corresponding rules can in principle be applied regardless of what they may or may not 
mean. In this sense, interpretation will only follow what is formally admissible. In the case of 
logic (as characterized by De Morgan), however, there is a certain relevance to the investigation 
of reasoning as it precedes the formulation of a structure from which a body of operational 
rules may be drawn. The system (science) cannot be arrived at without regard to the question 
whether the technical application of rules (art) can possibly be justified in making sense of the 
resulting configurations (contents). 

 

Open questions:  

‐ What can be inferred concerning the respective notions of form? 
‐ Is it necessary or even possible to distinguish between ‘form’ as opposed to content 

and ‘form’ as opposed to interpretation?  
‐ What does this mean with regard to the distinction between ‘form’ as a principle of op-

eration and ‘form’ as a structure? 
‐ Are there features of form as opposed to matter which should be recognized in the 

‘scientific’ side of logic? 
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