
VARIABLES AND HILBERT’S GRUNDLAGEN DER

GEOMETRIE

Frege’s objections to Hilbert in their correspondence as well as in his Über die
Grundlagen der Geometrie all revolve around the question of the correct organiza-
tion of science. Frege adhered to the ‘classical’, or ‘Aristotelian’ model of science.
According to this conception, the primitive terms of a science must have a fixed
sense, for it is this sense that confers evidence upon the axioms. The primitive
terms’s being primitive, however, their sense is not given by nominal definition, but
must be conveyed to the learner in some other way; Frege used the term ‘elucidation’
(Erläuterung) for this other way. Hence, on this classical conception, elucidation
has to be given prior to the axioms, as the latter need primitive terms for their
statement. In the Grundlagen der Geometrie, Hilbert famously reverses this order
when he claims that certain of his axioms define the primitive relation ‘between’.
Thus Hilbert gives no elucidations of his primitive terms, and holds in effect that
these have no more meaning than what the axioms may confer upon them. Indeed,
in one of his letters to Frege, Hilbert maintains that elucidation e.g. of the notion
of a point is sought in vain. But if no elucidation can be given of the primitive
terms, they will have to be viewed as having no substantive sense at all, but to be
merely variables or placeholders. It was indeed as variables that Frege suggested
to interpret the primitives of Hilbert’s construction (i.e., as ‘letters’, signs that do
not designate but merely indicate, signs that serve to confer generality upon the
sentences in which they occur), and Hilbert himself seems to regard them as such
when he describes an axiomatic theory as a framework or schema of concepts. In
his Einführung in die mathematische Logik, Tarski suggested that the primitive
terms of an axiomatic theory be treated as variables; in the recent literature on the
Frege-Hilbert correspondence, however, this interpretation seems to have few pro-
ponents, instead Hilbert’s primitive terms are there viewed as e.g. ‘uninterpreted
symbols’ or non-logical constants.

In my talk I wish to consider closer the notion that the primitive terms of a
theory may be variables (and the theory thereby schematic); the historical focus
will be Hilbert’s Grundlagen. Firstly, I wish to clarify what notion of variable
is thereby intended. It is not the metamathematical notion; the variables of the
formal systems of metamathematics are in fact no variables at all, but rather, like
all other ‘symbols’ of such systems, objects in some suitable algebra of strings. The
notion of variable involved is rather the real notion of a variable, that which is used
in any text of mathematics. It is variables in this real sense which we apply e.g. in
presenting a formal system: if A and B are well-formed formulas then so is A ∧B,
etc. Failure to see this distinction between ‘real’ and merely ‘quasi’ variables may
explain why the interpretation of Hilbert’s primitives as variables has few defenders
in the current literature; once the distinction is seen, however, this interpretation
becomes most natural.

Given that we presumably are able to grasp a text such as Hilbert’s Grundla-
gen, and given that its primitive terms are variables, it should seem that we also
are able to grasp the meaning of variables. What the meaning of variables might
consist in is, however, a largely unexplored topic. Thus, secondly, I wish to stress
the importance of developing a semantics of variables. Semantics should not only
deal with constant terms, but must also treat of variables. An immediate difficulty



facing such a task is that a denotational semantics seems unsuitable: for what is
the denotation of a variable? In fact, what are, as far as I am aware, the only
treatments of the semantics of variables in recent years both suggest a denotational
semantics: Fine (Reasoning With Arbitrary Objects) lets variables denote arbitrary
objects, and Tichý (The Foundations of Frege’s Logic) lets them denote functions
of a certain kind. Contrary to these suggestions I hold that we should not look for
a special kind of object that can serve as the denotation of variables; instead we
should ask what it is that we grasp when grasping a variable. And this seems to
consist in grasping certain formal restrictions on the possible substituents of the
variable: the semantical category of the substituent and the ontological category of
the signification of the substituent. Given a sentence S(x) with a variable x in it,
grasping the meaning of this variable x means to grasp what semantical category
any expression a would need to have for the expression S(a) to be meaningful, as
well as of what ontological category the signification of a would need to be for the
expression S(a) to be meaningful (that is, for S(a) not to be a ‘category mistake’).
Note that both these categorial aspects are involved in ordinary classifications of
variables: a sentential or propositional variable is so called because of the semanti-
cal category of its possible substituents (being the category of sentences), a complex
variable is so called because of the ontological category of the signification of its
substituents (being that of complex numbers). Now grasping these two categorial
restrictions on possible substituents of a symbol is not restricted to variables; in
grasping the meaning of a proper name of a person, for instance, I also grasp what
grammatical category any possible substituent of that name in the given sentence
would need to have (namely the category of nouns), as well as of what ontological
category the signification of such a substituent would need to be (‘the category
of persons’, say). What characterizes variables, however, would seem to be that
nothing more than these formal restrictions are required for their understanding.
Once these two categorial aspects are grasped, the symbol itself is also grasped;
this contrasts with proper names for which I should also need to grasp e.g. which
person the symbol denotes; I could not rest content with the merely formal, but
would have to engage in the material.
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